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Abstract
The quantum Hall effect in the three-dimensional anisotropic tight-binding
electrons is investigated in the field-induced spin density wave phases with a
magnetic field tilted to any direction. The Hall conductivity, σxy and σxz,
are shown to be quantized as a function of the wave vector of FISDW, while
σyz stays zero, where x is the most conducting direction and y and z are
perpendicular to x.
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I. INTRODUCTION
Quantum Hall effect has been observed in organic conductors, (TMTSF)2PF6 and
(TMTSF)2ClO4
1–3 in the field-induced spin density wave (FISDW) phases. These organic
conductors are quasi-one-dimensional conductors and described by a tight binding Hamil-
tonian with anisotropic hopping matrix elements, tb/ta ≈ 0.1 and tc/ta ≈ 0.003. The Fermi
surface consists of two warped planes in the absence of a magnetic field. If the nesting of
the Fermi surface is perfect, the staggered susceptibility corresponding to the nesting vector
which connects two planes of the Fermi surface diverges as temperature becomes low. In
such case the spin density wave (SDW) is stabilized by the repulsive interaction of electrons.
The nesting of the Fermi surface is imperfect in general due to transverse hoppings. For
the imperfect nesting case the transition temperature of SDW depends on the imperfectness
and the strength of the electron interaction. Since the transverse hoppings are enhanced
by pressure, the SDW state is suppressed as the pressure is increased. The divergence of
the staggered susceptibility recovers when the magnetic field is applied4, and the successive
transitions to FISDWs occur as the magnetic field is increased5–9. One can explain the
stability of FISDW by the fact that the energy is lowered when a gap at the Fermi surface
is opened due to the combined effect of the electron interactions and magnetic field.
A magnetic field required to be one flux quantum, φ0 = hc0/e, per electron in each plane
for these organic conductors is extremely large (∼ 104 Tesla). In other words the quantum
Hall effect in organic conductors is observed in much smaller field than that is necessary
to fill electrons only in the lowest few Landau levels. Moreover, the Hall conductivity is
observed to change its sign in some region of the magnetic field10. The Quantum Hall effect
in the presence of FISDW has been studied theoretically11–14. The quantization of the Hall
conductivity is explained by using the Strˇeda formula11 or the general theory of the Hall
effect in the periodic system12–14. These authors studied the case that the magnetic field is
perpendicular to the conducting plane.
Due to the hoppings along the third direction new phenomena are expected when the
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magnetic field is tilted15. In three-dimensional lattice there exist three fluxes, φa, φb and φc
per unit area in each plane, while only one flux per unit cell is present in two-dimension.
Indeed, many cusps of the magnetoresistance have been observed as a function of a direction
of the magnetic field16,17. FISDW in three-dimension in the tilted magnetic field or in non-
orthogonal lattice has been studied18–20. The Hall conductivity σxy and σxz are predicted
to be quantized. These values are argued to be fractionally quantized18,21. These authors,
however, studied the case that the magnetic field is perpendicular to one of the axis, say a,
when two fluxes φb, and φc exist instead of three in the general direction of the field.
On the other hand the general formula for the quantum Hall effect in the periodic system
in three-dimension was given by Halperin22 and Kohmoto et al.23. They have shown that
the conductivity tensor is quantized when the Fermi energy is in the energy gap.
In this paper we study the Hall conductivity in the anisotropic three-dimensional lattice
with the magnetic field tilted to any direction. In section II the conductivity tensor is
calculated for the non-interacting electrons in the orthorhombic lattice. The quantized value
is given in the perturbation in tb/ta and tc/ta. The quantum Hall effect in the presence of
FISDW is given in section III. The generalization to the triclinic lattice is done in section IV.
II. NON-INTERACTING CASE
In this section we study the anisotropic tight-binding electrons on the orthorhombic
lattice in the magnetic field,
H0 = −ta
∑
(i,j)a,σ
eiφijc†i,σcj,σ − tb
∑
(i,j)b,σ
eiφijc†i,σcj,σ − tc
∑
(i,j)c,σ
eiφijc†i,σcj,σ (2.1)
where c†i,σ and ci,σ are creation and annihilation operators of electron with spin σ at site
i, ta, tb and tc (ta ≫ tb, tc) are the hopping matrix elements along a, b and c directions,
respectively, and
φij =
2pi
φ0
∫ j
i
A · dl, (2.2)
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where A is a vector potential. In this section and section III the a, b and c axes are assumed
to be orthogonal each other and parallel to the x, y and z direction, respectively.
The uniform magnetic field, B, is applied in any direction,
B = (Bx, By, Bz). (2.3)
The fluxes through the unit area perpendicular to the a, b and c axes are given by
φx = bcBx, (2.4a)
φy = caBy, (2.4b)
φz = abBz , (2.4c)
where a, b, and c are the lattice constants.
First we consider a rational flux case, i.e., the flux through a unit area in each plane is a
rational number, (φx/φ0, φy/φ0, φz/φ0) = (px/qx, py/qy, pz/qz) with mutually prime integers
pα and qα (α = x, y or z). Then the Hamiltonian in the presence of the magnetic field
is described as a generalization of the problem in two dimension studied by Azbel24 and
Hofstadter25 to three dimension21,26–29. The energy spectrum for the rational flux case can
be obtained numerically as eigenvalue of Harper equations. The size of the Harper equations
is the least common multiple of qx, qy and qz, which we define Q. The volume of the magnetic
Brillouin zone is 1/Q of the Brillouin zone in the absence of a magnetic field. For a fixed
momentum k in the magnetic Brillouin zone there exist Q eigenvalues and Q eigenstates.
By varying the momentum we get Q bands. In two dimension these bands do not overlap.
Although the bands may overlap in three dimension, it has been shown that the energy gaps
due to a magnetic field exist in the wide range of parameters26,28. We can use the extended
zone by unfolding the magnetic Brillouin zone to the Brillouin zone in the absence of a field.
Then the energy is obtained uniquely for each momentum.
The quantum Hall effect is expected in the three-dimensional case when some of the
energy bands are completely filled and the other bands are empty22,18,21,23. The conductivity
tensor for a filled band is given as30,22,23
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σαβ = 2
e2
h
1
4pi2i
∫
d3k
[
∂
∂kα
(
< Ψ|
∂
∂kβ
|Ψ >
)
−
∂
∂kβ
(
< Ψ|
∂
∂kα
|Ψ >
)]
. (2.5)
where the factor of 2 comes from the spin degrees of freedom, α and β are x, y, or z, |Ψ > is
the wave function for the filled band and the integral is performed in the magnetic Brillouin
zone. Kohmoto, Halperin and Wu23 have shown that if the Fermi energy lies in the energy
gap, the conductivity tensor is described as
σαβ = 2
e2
2pih
εαβγGγ, (2.6)
with the vector in the reciprocal lattice,
G = −(la′Ga′ + lb′Gb′ + lc′Gc′) (2.7)
whereGa′ ,Gb′ andGc′ are the fundamental reciprocal vectors satisfying B·Ga′ = B·Gb′ = 0
and la′ , lb′ and lc′ are integers. These integers are the first Chern numbers on the tori obtained
by slicing the three-torus of the magnetic Brillouin zone. Since we can take any fundamental
reciprocal vectors, G is written as
G = −(laGa + lbGb + lcGc), (2.8)
where Ga = (2pi/a)x/|x|, Gb = (2pi/b)y/|y|, Gc = (2pi/c)z/|z| for the orthorhombic lattice
and la, lb and lc are integers. If the direction of the magnetic field is changed infinitesimally,
G stays constant as long as the Fermi energy lies in the energy gap. Although Ga′ , Gb′ and
Gc′ depend on the direction of the magnetic field, Ga, Gb and Gc do not depend on the
magnetic field. As a result, while la′ , lb′ and lc′ are not constant, la, lb and lc are constant
for the infinitesimal change of the magnetic field.
If the Fermi energy lies between the rth and r+1th band from the bottom of the energy,
the conductivity tensor is given as the summation of the contributions from filled n bands.
The contributions from the filled bands cancel each other except that from the upper energy
gap of the rth band31.
In order to calculate the Hall conductivity explicitly, we take the vector potential A as
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A = (0, (Bzx− Bxz), −
By
Bz
(Bzx− Bxz)). (2.9)
In the above we have assumed Bz 6= 0 without loss of generality, since we may exchange y
and z in the case of Bz = 0. With this vector potential the non-interacting Hamiltonian is
written
H0 = −ta
∑
k,σ
2 cos(akx)c
†
σ(k)cσ(k)
−tb
∑
k,σ
e−ibkyc†σ(k− u)cσ(k) + h.c.
−tce
ipi
φxφy
φ0φz
∑
k,σ
e−ickzc†σ(k+ u
′)cσ(k) + h.c., (2.10)
where h.c. means Hermitian conjugate,
u =
(
2pi
a
φz
φ0
, 0,−
2pi
c
φx
φ0
)
, (2.11)
and
u′ =
φy
φz
u. (2.12)
We define the state as
ψσ(k) = c
†
σ(k)|0 >, (2.13)
with vacuum |0 >. The Hamiltonian mixes ψσ(k) with ψσ(k±u) and ψσ(k±u
′). If φx = 0,
ky and kz are constants of motion. If φx 6= 0, kz is not a constant of motion but ky and
(φzkz + φxkx)/
√
φ2x + φ
2
z are constants of motion.
The Fermi surface is given by kx = ±kF in the zeroth order perturbation in tb/ta and
tc/ta. When the condition
2kF = mzux +myu
′
x + s(2pi/a) (2.14)
is satisfied with integers my, mz and s, the degenerate states at kx = kF and kx = −kF are
mixed resulting the energy gap at the Fermi energy in the |mz|th perturbation in (tb/ta)
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and the |my|th perturbation in (tc/ta). The magnitude of the energy gap is of the order of
|Γ0(k)|, where
Γ0(k) = ta
(
tb
ta
)|mz | ( tc
ta
)|my |
e
−imypi
φxφy
φ0φz
e−imzbky
(
eickzeic(kz+
2pi
c
φxφy
φ0φz
) · · · e
ic(kz+(|my|−1)
2pi
c
φxφy
φ0φz
)
)sign(my)
= ta
(
tb
ta
)|mz | ( tc
ta
)|my |
e
−im2ypi
φxφy
φ0φz ei(−mzbky+myckz). (2.15)
Since the flux is assumed to be rational, u and u′ are written as the integer multiple of the
vector u0 as
u = Pzu0, (2.16a)
u′ = Pyu0, (2.16b)
where integers Py and Pz are defined by
Py
Pz
=
φy
φz
. (2.17)
The Harper equations are obtained by using the one dimensional basis states
ψj = ψ(k+ ju0), (2.18)
with integer j. The number of the Harper equations obtained by this basis set is not always
Q but the integer multiple of Q, because ψQ is not necessarily the same as ψ0. Thus the basis
ψj may be overcomplete, although the eigenenergy is obtained correctly by the overcomplete
basis. In order to get the complete basis for the rational flux case a careful choice of the
vector potential is necessary29. The overcomplete basis set corresponds to the larger unit
cell in the real space or the folded magnetic Brillouin zone in the momentum space. The
Hall conductivity is, however, obtained even if the integration in Eq. (2.5) is done in the
folded magnetic Brillouin zone, since the degeneracy of the bands due to the overcomplete
bands compensates the folded region of the integration.
The magnetic Brillouin zone has the volume (2pi)3/(Qabc) and 2kFaQ/(2pi) = r is the
number of filled bands below the Fermi energy. Then we get from Eq. (2.14) that my and
mz should fulfill the Diophantine equation,
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r = sQ +
φz
φ0
Qmz +
φy
φ0
Qmy. (2.19)
The wave function for the rth band gets the phase of Γ0(k) at kx ≈ kF
31, i.e. the phase
of the wave function cannot be defined globally in the magnetic Brillouin zone. On the other
hand the phase of the wave function can be defined globally in the torus of ky and kz for
fixed kx, which is the slice of three-torus by the plane perpendicular to a fixed kx. Therefore,
the second term in Eq. (2.5) is zero by partial integration with respect to ky or kz if β = y
or β = z. Then the conductivity tensor is written as31,13
σxy = 2
1
c
e2
h
1
2pii
∫ pi/b
−pi/b
dky
(
< Ψ|
∂
∂ky
|Ψ >
∣∣∣∣
kx=k
−
F
− < Ψ|
∂
∂ky
|Ψ >
∣∣∣∣
kx=k
+
F
)
, (2.20a)
σxz = 2
1
b
e2
h
1
2pii
∫ pi/c
−pi/c
dkz
(
< Ψ|
∂
∂kz
|Ψ >
∣∣∣∣
kx=k
−
F
− < Ψ|
∂
∂kz
|Ψ >
∣∣∣∣
kx=k
+
F
)
, (2.20b)
σyz = 0, (2.20c)
where k−F ( k
+
F ) is the momentum smaller (larger) than the Fermi momentum. Since the
wave function changes only in the phase at the Fermi momentum, the integration with
respect to ky or kz gives the winding number of Γ0(k) in the complex plane around zero
when ky or kz is moved. Using Eqs. (2.15) and (2.20), we obtain
σxy =
2
c
e2
h
mz, (2.21a)
σzx =
2
b
e2
h
my. (2.21b)
The conductivity per plane is quantized as σ˜xy = 2(e
2/h)mz and σ˜zx = 2(e
2/h)my.
Unfortunately, the energy gap will be very small if |my| + |mz| ≫ 1, which is the case
for |φy|, |φz| ≪ φ0.
For the quantum Hall effect, it is not necessary that all of φx/φ0, φy/φ0 and φz/φ0 are
integers. The only required condition is Eq. (2.14) .
III. 3D QUANTUM HALL EFFECT IN THE PRESENCE OF FISDW
In this section we take account of the interaction
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H′ = U
∑
i
c†i,↑ci,↑c
†
i,↓ci,↓. (3.1)
This interaction is written as
H′ = −U
(
abc
(2pi)3
)3 ∫
dk
∫
dk′
∫
dK c†↑(k)c↓(k+K)c
†
↓(k
′ +K)c↑(k
′). (3.2)
The order parameter of the spin density is defined in the mean field approximation as
∆(K) ≡ −U
abc
(2pi)3
∫
dk′ < c†↓(k
′ +K)c↑(k
′) > . (3.3)
The interaction term mixes the states ψ↑(k) and ψ↓(k + K). As a result an energy gap
at the Fermi surface is opened by the order parameter when Kx = ±2kF . The y and z
components of the wave vector should be determined to give the lowest energy, which can
be calculated numerically with further approximation such as the linearization with respect
to kx
4,5,7. Since we focus on the quantization of the Hall conductivity, we do not have to
calculate the values of Ky and Kz explicitly. The Hall conductivity is zero in this case.
There are other possibilities for opening gaps in the presence of the magnetic field. The
order parameter may have many components with respect to the wave vectors as in the
two-dimensional case32–34. In three-dimensional case the order parameter has the form
∆(K) =
∑
ny ,nz
Dny ,nzδ(K−Kny,nz), (3.4)
with the x component of the wave vector Kny,nz given by
(Kny,nz)x = 2kF + nyu
′
x + nzux
= 2kF + ny
2pi
a
φy
φ0
+ nz
2pi
a
φz
φ0
, (3.5)
where ny and nz are integers. The vectors u and u
′ are given in Eqs. (2.11) and (2.12). By
this wave vector the state at kx = −kF is mixed with that at kx = kF + nyu
′
x + nzux. The
state at kx = kF + nyu
′
x + nzux is mixed with the state at kx = kF by |ny|th perturbation
in tb exp(ibky)/ta and |nz|th perturbation in tc exp(ickz)/ta. As a result two states at the
Fermi energy at kx = ±kF are mixed by a combined effect of SDW and the magnetic field.
(See Fig. 1.) The gap function is given by
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Γ(k) =
∑
nx,ny
Γny,nz exp
[
i
(
−nzbky + nyckz − pin
2
y
φxφy
φzφ0
)]
, (3.6)
where Γny ,nz is a constant of the order of Dny,nz(tb/ta)
|nz |(tc/ta)
|ny|. The wave function near
the Fermi momentum changes the phase due to this gap function. The Hall conductivity is
calculated by Eq. (2.5) as in the non-interacting case.
If only one component of the order parameter is dominant, i.e.,
∆(K) ≈ Dny0,nz0δ(K−Kny0,nz0), (3.7)
the k-dependent phase change is exp[i(−nz0bky + ny0ckz)] and the Hall conductivity is ob-
tained by Eqs. (2.20) as
σxy =
2
c
e2
h
nz0, (3.8a)
σzx =
2
b
e2
h
ny0, (3.8b)
and
σyz = 0. (3.8c)
Comparing Eqs. (3.8a) - (3.8c) with Eqs. (2.6) and (2.8) we find that
la = 0, (3.9a)
lb = ny, (3.9b)
lc = nz. (3.9c)
If the order parameter consists of many components with respect to the wave vectors Kny,nz ,
the Hall conductivity σxy (σxz) is obtained as a winding number of the gap function Γ(k) as
ky (kz) is moved from −pi/b to pi/b (from −pi/c to pi/c). Note that φx appears as the relative
phase between the components of the order parameter, so the Hall conductivity may depend
on φx implicitly.
If the magnetic field is changed in magnitude or direction by a small amount, the wave
vectors and the order parameter will change in order to keep the Fermi energy in the same
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energy gap. As a result the plateaux of the Hall conductivity is realized without the effect
of a localization. When the energy gap is closed and opens again at the Fermi energy as
the magnetic field is changed, the Hall conductivity changes. The sign change of the Hall
conductivity may happen as the direction or the magnitude of the magnetic field is changed.
The condition for the rational flux is not necessary to get the Quantum Hall effect. The
wave vector of the order parameter is adjusted to satisfy Eq. (3.5) for any direction and
amplitude of the magnetic field. If φy/φz is irrational, ny and nz are determined uniquely
for a given wave vector (Kny,nz)x. On the other hand ny and nz are not uniquely determined
if φy/φz is rational.
IV. TRICLINIC LATTICE
In this section we consider the triclinic lattice with a, b and c not being orthogonal each
other. The fundamental reciprocal vectors,
Ga = 2pi
b× c
v
(4.1a)
Gb = 2pi
c× a
v
(4.1b)
Gc = 2pi
a× b
v
, (4.1c)
are not orthogonal, where
v = |a · (b× c)|. (4.2)
We take a ‖ x. Hopping matrix elements ta, tb and tc (|ta| ≫ |tb|, |tc|) are assumed between
the nearest sites along a, b and c axes. The vector potential is taken as Eq. (2.9) by using
the orthogonal x, y and z axes.
The non-interacting Hamiltonian is
H0 = − ta
∑
k,σ
2 cos(a · k)c†(k)c(k) (4.3)
− tbe
iθb
∑
k,σ
e−ib·kc†σ(k−w)cσ(k) + h.c.
− tce
iθc
∑
k,σ
e−ic·kc†σ(k +w
′)cσ(k) + h.c.,
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where
θb =
pi
φ0
(by −
By
Bz
bz)(Bzbx −Bxbz) (4.4a)
θc =
pi
φ0
(cy −
By
Bz
cz)(Bzcx − Bxcz) (4.4b)
and
w =
2pi
φ0
(by −
By
Bz
bz)(Bzxˆ− Bxzˆ), (4.5a)
w′ = −
2pi
φ0
(cy −
By
Bz
cz)(Bzxˆ− Bxzˆ). (4.5b)
Note that w ‖ w′.
The Fermi surface in the zeroth order in tb/ta and tc/ta is the plains given by a·k = ±akF .
The order parameter is defined by Eq. (3.3) with the factor v/(2pi)3 instead of abc/(2pi)3.
As in the previous section, the energy gap opens at the Fermi momentum by the effects of
the order parameter and the perturbation in tb/ta and tc/ta, if the order parameter has the
form
∆(K) =
∑
nb,nc
Dnb,ncδ(K−Knb,nc), (4.6)
where nb and nc are integers and the wave vector Knb,nc satisfies the condition
Knb,nc · a = 2akF + nbw
′ · a+ ncw · a
= 2akF + nb2pi
acyBz − aczBy
φ0
− nc2pi
abyBz − abzBy
φ0
= 2akF + nb2pi
φb
φ0
+ nc2pi
φc
φ0
. (4.7)
In the above φb and φc are the fluxes through a unit area in a-c and a-b planes, respectively,
φc = a · (b×B) (4.8a)
φb = −a · (c×B) (4.8b)
The phase of the wave function is not defined globally as in the previous sections. In the
perturbation in tb/ta and tc/ta, the mismatch of the locally defined phase for the wave
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function of the highest occupied band is attributed to the phase of the gap at the Fermi
momentum. The wave function changes the phase as the momentum is moved at the Fermi
momentum as in the previous section. We consider the case that one component is dominant
in Eq. (4.6). Then the k-dependent part of the phase change is
exp [i (−ncb · k+ nbc · k)] . (4.9)
The conductivity tensor is calculated by
σxy = 2
e2
h
1
2pi2i
∫
dkydkz
(
< Ψ|
∂
∂ky
|Ψ >
∣∣∣∣
kx=k
−
F
− < Ψ|
∂
∂ky
|Ψ >
∣∣∣∣
kx=k
+
F
)
, (4.10a)
σzx = −2
e2
h
1
2pi2i
∫
dkydkz
(
< Ψ|
∂
∂kz
|Ψ >
∣∣∣∣
kx=k
−
F
− < Ψ|
∂
∂kz
|Ψ >
∣∣∣∣
kx=k
+
F
)
, (4.10b)
σyz = 0. (4.10c)
Because of the non-orthogonality of a, b and c, the slice of the magnetic Brillouin zone
by the plane perpendicular to ky or kz is not the torus. As a result, σxy and σzx are not
quantized to be integer but they are quantized as
σxy = 2
e2
h
(ncby − nbcy)
a
v
= 2
e2
h
ncby − nbcy
|bycz − bzcy|
(4.11)
σzx = 2
e2
h
(−ncbz + nbcz)
a
v
= 2
e2
h
−ncbz + nbcz
|bycz − bzcy|
. (4.12)
In the above we have used the facts that a ‖ x and the area of the Brillouin zone in
ky-kz plane is (2pi)
2a/v. Comparing these result with the general expression of the Hall
conductivity in three-dimensional periodic system (Eq. (2.8)), we get
la = 0 (4.13a)
lb = nb (4.13b)
lc = nc. (4.13c)
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V. CONCLUSION
When the magnetic field is tilted to any direction, there is a possibility for the new wave
vector for FISDW. We have shown that the Hall conductivity σxy, σzx and σyz are quantized
as a function of the wave number of FISDW. When the lattice is orthogonal, both σxy and
σxz per plane are quantized as integers and σyz stays to be zero as long as tb/ta and tc/ta are
treated in perturbation. Since the quantization is realized with respect to the fundamental
reciprocal lattice, σxy and σzx is not quantize as integers if the a, b and c axes are not
orthogonal each other. Even in that case the quantum values of σxy and σzx are given as a
function of the wave vector of FISDW, which is characterized by integers.
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FIGURES
FIG. 1. Schematic diagram of opening the gap at the Fermi momentum. The right-arrow
labeled by D0,0 indicates the order parameter of SDW with Kx = 2kF by which two states at
kx = ±kF are coupled. The right-arrow labeled by D1,1 indicates the SDW with wave vector
Kx = 2kF + ux + u
′
x. The left-arrows indicate the coupling of the states caused by the magnetic
field in the perturbation in tb/ta and tc/ta.
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